We show that the path-integral quantization of relativistic strings with the Schild action is essentially equivalent to the usual Polyakov quantization at critical space-time dimensions.
Introduction
Modern quantum theory of relativistic (super) strings usually starts from an action which is quadratic with respect to the space-time coordinates X µ † ,
In contrast with older and more geometrically motivated Nambu-Goto action,
the former is appropriate for the path-integral quantization of strings [1] . In fact, the former seems to be the unique action which is tractable in a direct path-integral approach.
Here and in what follows, by the ellipses we imply the additional terms which must enter to make the theory supersymmetric.
There are an infinite number of different actions which are classically equivalent to the Nambu-Goto action. For example,
with arbitrary nonzero n gives the same classical equations of motion, where the auxiliary field e(ξ) (> 0) have the same transformation property as √ −g under the world-sheet reparametrizations, and λ = 4πα ′ . The action S N G is a special limit with n → 1, where the auxiliary field decouples . Another special case which has been studied in the past is n = 2, which is essentially the case first proposed by Schild [2] .
Some interesting remarks on the n = 2 case have been made by Nambu [3] . In particular, he suggested an interesting interpretation for the quantity σ µν ≡ ǫ ab ∂ a X µ ∂ b X ν as a formal analog of the Poisson bracket, and further speculated a quantization of the world-sheet by regarding the space-time coordinates as a sort of gauge fields. His argument is a precursor of some of recent proposals concerning possible matrix representations [4] [5] of the space-time coordinates, as has been motivated by string-theory dualities and Dbranes [6] . In particular, the Schild action plays an important role in a more recent proposal made in [7] . To the best of our knowledge, however, quantum string theory based on the Schild action has never been concretely developed, except for an early attempt made in [8] . ‡ † The metric in the present note is Minkowskian (+, +, . . . , +, −) for both space-time and world sheet unless specified otherwise. ‡ See a note added at the end.
The purpose of the present note is to show that the action S 2 is quantum-mechanically equivalent to the action S P at critical space-time dimensions, and then to discuss its relevance for a formulation of a space-time uncertainty relation which has been proposed [9] as a qualitative characterization of the space-time structure in fundamental string theory. We have recently argued [10] that the space-time uncertainty relation of [9] and [11] nicely fits the short distance structure of the D-particle dynamics [12] . We will emphasize a view point that the above Poisson structure is a manifestation of conformal structure of the Polyakov quantization and is related to a possible realization of space-time uncertainty principle. Based on these observations, we will propose a tentative approach towards nonperturbative definition of string theory in terms of a microcanonical matrix model.
Equivalence of the Schild and Polyakov quantizations
Classical equivalence between the actions S n and S N G is trivially established by using the variational equation for the auxiliary field e
which leads to S n = nS N G . We will call this equation as the conformal constraint for a reason that will become clear below. In the Hamiltonian formalism, the conjugate momenta to the world sheet coordinates X µ are
Here of course the dot (Ẋ) and the prime (X) are derivatives with respect to the worldsheet time and space coordinates, respectively. Combined with the conformal constraint (4), it is easy to see that the momenta satisfy the usual classical Virasoro conditions
P ·X = 0.
The Virasoro conditions in general express the conformal invariance of the world sheet theory. When we start from the Schild-type action, they are thus a consequence of the equation (4) (hence, the name "conformal constraint"). More precisely, the conformal constraint is responsible only for the first Virasoro condition (6) and the second one follows from the definition (5) alone. This reflects the fact that the second condition is kinematical in its nature: It only represents invariance of the theory under an arbitrary reparametrization of the string at fixed world-sheet time. Conversely, under the kinematical condition (7), the first constraint (6) necessarily leads to the conformal constraint (4) since the general solution to (7) takes the form −a(ξ)(Ẋ µ (X) 2 −X µ (Ẋ ·X)) for some scalar function a(ξ), leading to the identification a = 1/e on imposing the first condition (6) . Given these primary constraints (6) and (7), following Dirac's procedure after introducing two lagrange-multiplier fields corresponding to the non-trace part of the world sheet metric in (1), we arrive at the same Hamiltonian as for the quadratic action S P .
This establishes equivalence of three different actions at the formal classical level.
It is not obvious that classical equivalence in the above sense automatically leads to equivalence quantum mechanically. A typical argument for a quantum mechanical derivation of the quadratic action starting from the Nambu-Goto action is given in [13] which generically shows that the former is obtained after making a rescaling for the string coordinates X µ appropriately by a divergent constant and fine-tuning the cosmological constant.
In general, quantum string theories based on the Nambu-Goto action requires to make renormalization of the string-theory constants such as the tension and the cosmological constant (∼ tachyon condensation). As is well known by now, a precise control over this problem is only available for systems with one or lower target space-time dimensions, which are most conveniently formulated in terms of old matrix models with c ≤ 1.
In the case of the Schild action with n = 2, we can derive the Polyakov action directly without making connection with the Nambu-Goto action. To see this, let us introduce auxiliary fields t 12 (= t 21 ), t 11 , t 22 , which form a tensor density of weight two and rewrite the action
This action is equivalent to the original Schild action S 2 , even quantum mechanically, since the difference is a quadratic form of the auxiliary fields:
Let us then make a change of variables t ab → g ab , e →ẽ where g ab transforms as the standard world-sheet metric andẽ as a scalar, t ab = g ab e 2 , e =ẽ √ −g. Then the action reduces to 
to separate the Weyl mode. When the conformal anomaly which generically appears in this process cancels, we see that the conformal mode is contained only in the first term of (11) . Thus at critical space-time dimensions, we have the equation of motionẽ 3 −ẽ = 0 from the variation of the conformal factor. Only allowed solution of this equation isẽ = 1 since we assume that e > 0. Thus the action (11) reduces to the quadratic aciton, and the quantization of the Schild action S 2 is essentially equivalent to the Polyakov quantization.
Rigorously speaking, however, we have to be more careful with respect to the definitions of the continuum path-integrals, including more precise (regularized) definition of the measure and, in particular, the ranges of various auxiliary fields. Despite these subtleties, we propose to take the above observation as a hint for a new interpretation of string theory towards its nonperturbative forumulation.
Conformal constraint and space-time uncertainty principle
We now want to clarify the meaning of the conformal constraint (4). It was already emphasized that, from the view point of the Schild action, conformal invariance of worldsheet string theory is a consequence of the conformal constraint. Now, what is the most crucial physical property of string theory resulting from the world-sheet conformal invariance? In some of earlier works [9] [11], we have proposed a possible answer for this question that the conformal invariance is related with a space-time uncertainty principle of the form
for the minimum uncertainties with respect to the measurements of the lengths of the space (∆X) and time (∆T ) intervals § . If we remember the reparametrization invariant
Poisson bracket structure
the conformal constraint takes the following very suggestive form
§ There has been other proposals for extended uncertainty relations [14] motivated from string theory.
To exhibit the relation between (12) and (14), let us have a recourse to a simple qualitative example considered in [11] . We consider an amplitude for the mapping from a rectangular region of the world sheet with the side lengths a, b in the conformal gauge to a corresponding rectangular region of the target space-time whose lengths are A and B in the time (µ = 0) and the space (µ = 1) directions, respectively. The boundary conditions for the space-time coordinates are
Then the quadratic action in the Euclidean metric gives the following factor for the amplitude, apart from a power behaved measure factor which is irrelevant for the present qualitative discussion,
The ratio a/b is nothing but the unique conformal invariant (namely, modular parameter)
for the rectangle on the world sheet which is known as the "extremal length" [15] . We note that two forms, Γ = a/b or Γ * = b/a, of the extremal lengths are nothing but the duality relation between the extremal length Γ and its conjugate extremal length Γ * satisfying ΓΓ * = 1. The expression (17) clearly shows that there is an uncertainty relation of the
the form (17) is very analogous to Wigner's phase space representation of a density oper-
representing a Gaussian wave packet state |g(∆x) > in ordinary particle quantum mechanics, where < x|g(∆x) >∼ exp − On the other hand, if we calculate the same amplitude using the Schild action in the gauge e = 1, we have the area law factor
or more precisely, after integrating over the parameter s ≡ a ′ b ′ making the change of
. Here we put prime on the world-sheet length parameters to discriminate them from those of the quadratic action. The argument of the previous section requires that we must have the same result as for the quadratic action after integrating over the modular parameter , the "classical solution" for (17) . Thus, the conformal constraint can be interpreted as the classical counter part for the space-time uncertainty relation (12) , in the same sense as in the ordinary classical limith → 0 for the statistical density operator
These elementary considerations strongly suggest the existence of a theory in which the Poisson structure (13) is replaced by a commutator between coordinate operators
, and also that such a theory should take into account some form of quantum condition which reduces to the conformal constraint (14) in a certain classical limit. Our discussion above shows that, in this kind of theories of quantized space-time, the ordinary space-time continuum should be interpreted as something analogous to the classical phase space in quantum particle mechanics. A strong form of possible quantum conditions ¶ would be to demand that the operator [X µ , X ν ] satisfies
where I is the identity operator in some operator algebra and we assume the Minkowski
[X i , X j ] 2 . ¶ A similar quantum condition has been considered in ref. [16] in an even more stronger form in 4 dimensions and rigorous inequalities similar to our uncertainty relations have been proved. I would like to thank S. Doplicher and A. Jevicki for bringing this work into my attention.
A weaker form of the quantum condition would be to demand (20) only for appropriately defined expectation values · · · . This leads to the following inequality,
and hence is consistent with the space-time uncertainty relation (12) in a way that is invariant under Lorentz transformations. Note that, without further conditions, no definite lower bound exits for the space-space components. This conforms to the analysis in [10] in string theory based on the results [12] on the dynamics of D-particles.
Microcanonical matrix model
We have seen that a key feature of the conformal invariance is encoded in the spacetime uncertainty principle. It is natural to postulate that non-perturbative string theory should be formulated on the basis of the space-time uncertainty principle. We now want to briefly discuss a tentative approach towards such a goal. To motivate our proposal, we first remark a striking analogy of the above structure to the matrix algebra The quantum condition is assumed to be
Here, · denotes the expectation value with respect to the U(N) trace as indicated. We adopt a weaker form of the possible quantum conditions and assume the large N limit to include the case of arbitrary number of D-instantons. From the work [17] , we know that the parameter 1/N plays the role of Planck constant in relating the Poisson structure to the commutator. Then it is natural to define the fundamental partition function as
where d ∞ 2 X µ is the large N limit of the standard U(N) invariant Haar measure and
is an additional measure factor to be determined below.
Let us consider how to determine the measure factor J [X]. The quantum condition has the gauge symmetry under
where U ∈ U(N) and a µ are arbitrary real constants. The measure factor should respect this gauge symmetry. A further requirement to make the theory sensible is that the supersymmetric Yang-Mills theory, after making the reduction to a point (i.e., reduction to −1 dimensions). Thus we are naturally led to the measure factor,
See, e.g. [18] . In particular, [19] has discussed the solutions emphasizing close affinity between the properties of the solutions and the space-time uncertainty relation.
where ψ is the U(∞)-matrix whose elements are Majorana-Weyl spinors in 10 dimensions and the prime in the integration volume denotes that possible fermion zero-modes should be removed for the partition function. The supersymmetry is easily established after rewriting the partition function by introducing an auxiliary constant multiplier c,
The action in this expression is invariant under two supersymmetry transformations,
This looks similar to the model considered in ref. [7] which we call the IKKT model except for an additional auxiliary variable c which enters to realize the space-time uncertainty principle in a weak form. We now explain some features of our model. First we shall argue that the IKKT model can be interpreted from our model as an effective theory for D-branes.
Let us first consider the effective action for many distant clusters of D-brane systems.
This corresponds to introducing the background X b µ in the block-diagonal form
where each block is assumed to be N a × N a hermitian matrix. The separation between the clusters Y 
Now let us suppose to evaluate the fluctuations around the backgrounds by decomposing as X µ = X b µ +X µ . For fixed c, the calculation is entirely the same as the IKKT model [7] where it is shown that the leading order one-loop effective action for the backgrounds decreases as O(
) in the limit of large separation. To one-loop order, the effective action is independent of the parameter c. Thus the distant D-brane systems can be treated as independent objects in this approximation, and hence we can take into account the conditions (35), (36) in a statistical way by introducing two Lagrange multipliers α and β. Namely, we can derive the effective action for the D-brane sub systems by the same argument as we use in going from the microcanonical ensemble to the canonical distribution for subsystems. Then the effective partition function Z eff for the D-brane sub system described Y µ within the semi-classical approximation is given by a grand canonical form
where by N we denote the order of the background submatrix Y and Tr N is the corresponding trace. This form is identical with the IKKT model, except that in our case the following condition must be satisfied, Note that the quantum condition in the form (22) is meaningful only in the Minkowski metric.
Further discussions
It seems that, through exploring the meaning of the Schild action in string theory, we have opened up innumerable new problems.
First of all, the microcanonical form is not the unique possibility. We may try to impose a stronger form of the quantum condition such as (20) by generalizing the classical action [4] . It should also be mentioned that under the dual transformation, the stronger quantum condition (20) reduces to the Virasoro-type condition (δ/δσ µν ) 2 ∝ λ 2 , whose classical counter part is (6) as it should be, at least for a smooth string configuration
. This can be a further motivation in favor of the stronger quantum condition.
Another important question is what is, if any, the relation of the present approach to * * A slightly different suggestion has been made in [7] where
is replaced by the momentum density of the string.
the matrix model (so-called , M(atrix) theory) proposed in [5] as a nonperturbative lightcone formulation of the M-theory (∼ type IIA superstring) which requires 11 (=10+1) dimensions. Our present approach requires 9+1 dimensions as a largest possible dimensions and conforms to the type IIB superstring. To connect to type IIA and/or M theory, we may compactify one dimension and invoke the T-duality, or may add one additional dimension. For the latter possibility, we might go over to the stochastic quantization of the model.
Finally, a remaining crucial question is the problem of background independence. Ever since the first discovery that the string theory is a quantum theory of gravity [22] [23], the geometrical formulation of string theory as a natural quantum extension of Einstein's general relativity has been a big mystery. In the present paper, we always assumed flat space-time background. It is not at all clear how to interpret the quantum conditions in a manner consistent with the principles of general relativity, which should ultimately be reconciled with the principles of string theory at least in the long distance regime. In this respect, it may be interesting to extend our interpretation of the conformal constraint to the case with non-trivial space-time background fields. The real issue, however, is how to understand the dynamics of space-time geometry itself (not just a different fixed curved space-time) within the present framework.
Obviously much work remains to be done in order to realize the present proposals. Note added: After the paper first appeared on hep-th, Dr. Spallucci called my attention to the work [24] which used the Schild action in a loop space approach to string quantization. Also, Dr. Tseytlin pointed out his work [25] which established the equivalence of the Schild and Polyakov quantizations in the semi-classical approximation.
